Error accounting in electron counting experiments 
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Electron counting experiments attempt to provide a current of a known number of electrons per unit time. We 
propose architectures utilizing a few readily available electron-pumps or turnstiles with the typical error rates of 
1 part per 10 4 with common sensitive electrometers to achieve the desirable accuracy of 1 part in 10 8 . This is 
achieved not by counting all transferred electrons but by counting only the errors of individual devices; these are 
less frequent and therefore readily recognized and accounted for. We thereby ease the route towards quantum 
based standards for current and capacitance. 
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In 1990 the national metrological institutes adopted the 
Josephson Volt [ 1 , 2 1 and von Klitzing Ohm [ 3 1 as quantum 
based metrological units in addition to the conventional SI 
units. Even earlier it had been realized J4][5) that a third elec- 
tric quantum based standard would allow interesting experi- 
ments to cross-check the theories describing Josephson and 
quantum Hall effect. Particular interest has been spent on de- 
veloping a current standard based on counting all electrons 
flowing in a given time interval through a constraint. While a 
quantum current standard is highly desirable, an experimen- 
tally more feasible alternative is an electron counting based 
capacitance standard (ECCS): Using TV electrons to charge a 
capacitor to a voltage U allows to establish the devices ca- 
pacitance C = Ne/U. U can be traced back to the Joseph- 
son quantum voltage standard, while e is the electron charge, 
thereby C is traced back to quantum units. As capacitance 
can also be calculated for certain geometries |6|, this were to 
enable a comparison of two different ways to standardize ca- 
pacitance, but even for the ECCS the engineering challenges 
have not yet been met in a reliable fashion, though a proto- 
type has been demonstrated 0. To surpass past achievement 
the uncertainty in the number of counted electrons has to be 
reduced to 10 -8 , complicating the task at hand. While capac- 
itance metrology requires only small currents, current metrol- 
ogy only becomes possible if currents in excess 1 nA can be 
supplied |0. This can be achieved by using pump frequen- 
cies much higher than those that have shown satisfactory ac- 
curacy or by parallelization of devices. A higher operation 
frequency increases the error-rates significantly [9 1, while par- 
allelization efforts are hindered by conflicting requirements on 
the devices, including yield and accuracy. We propose here a 
concept to alleviate both concerns. 

The most advanced ECCS experiments use multi-stage de- 
vices referred to as electron-pumps, shown in fig. [TJa). These 
utilize successive quantum tunneling between metallic islands 
connected via tunnel-junctions. Jensen and Martinis lITOlfm 
recognized that electron pumps of several tunnel-junctions 
should be able to provide a charge with metrologically rel- 
evant precision. While relative errors of 10 ppb have been 
reported in a 7-junction electron pump |7|, this scheme still 
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requires continued research to be robust enough as a metro- 
logical standard; device yield is low, operation is complicated 
by the number of junctions employed and the remaining error- 
rate is not theoretically understood. The primary error in elec- 
tron pumps is believed to be caused by electron co-tunneling 
processes of order N — l, where N is the number of junctions 
in the device [ 10 1. These can be suppressed by connecting re- 
sistors in series with the pump; the resulting device is called 
the R-pump [12]. Other methods to achieve this goal include 
the use of smaller or larger number of tunnel junctions; both 
paths reduce yield while the latter also complicates operation. 
Recently approaches based on simpler devices controlled by 
only a single gate have received renewed attention. Quan- 
tized currents have been observed in single-gate devices made 
in superconducting [13] and in semiconducting technology 
lfl4l[T5l . as well as in superconductor-metal hybrid structures 
lfl6l . Due to their operational simplicity these approaches 
may be best suited for parallelization. While these technolo- 
gies may be operated also at frequencies higher than those 
employed in the metallic electron-pump experiments, thereby 
increasing available current, error-rates have not been estab- 
lished for them and may prove to be higher than 10~ 8 . Re- 
cently three-stage R-pumps have shown reasonable operation 
at 100 MHz as well E) . 

Architectures for discrete step error accounting - Instead 
of optimization of single devices, we propose to use two R- 
pumps (or electron-pumps) with rather high relative error rates 
of 2T R = 10~ 5 and sufficiently long hold times. A schematic 
for the experiment is shown in fig. |TJb). The two R-pumps are 
connected in series with an intermediate node, whose charge 
is monitored by a sensitive electrometer, such as the RF-SET 
IT7l . In this architecture the left pump starts by pumping 
h electrons onto the intermediate node with pump-frequency 
Hp. In addition to errors of this first pump, a charge may 
tunnel through the entire second pump. The rate 2 A at which 
this occurs is the inverse of the mean hold-time; the latter hav- 
ing been reported to be about 10 s for five -junction electron- 
pumps [1 1 1 and 16 s for the three-junction R-pump QjQ . For 
simplicity we assume that all errors occur with equal chance 
for either sign; then the probability p(n) for n charges to be 
on the node after this first pump sequence is to leading or- 
der, p(n ± 1) ~ nr R (l - 2A^) + A^(l - 2hT R ) < 1, 
which is dominated by the first term for relevant parameters. 
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FIG. 1: (a) Circuit schematic of an electron pump with seven tun- 
nel junctions |7|. The drives applied to the six intermediate islands 
are triangular pulses in carefully chosen phase-relationships. The 
electrometer on the final node is needed to verify device operation. 
A cryogenic needle switch makes contact to the chip to reversibly 
connect the pump to a cryo-capacitor. (b) Schematic of experiment 
with two sequential R-pumps and one intermediate node; resistors 
are drawn in red. The cryogenic switch can be removed from this de- 
vice, (c) Schematic of proposed circuit of five single-gate pump de- 
vices, here based on the SNS-turnstiles of 1 16]. These are connected 
in series with the intermediate nodes monitored by four electrome- 
ters. Capacitively coupled DC leads to the intermediate islands (not 
shown) allow adjustment of the required voltage-offsets of the SNS 
pumps, while all pump-gates are subjected to the same sinusoidal AC 
bias. 



After the first pump phase the electrometer is used to mea- 
sure the number of electrons on the node. RF-SETs 1171 
are among the suitable electrometers for this purpose. Sev- 
eral laboratories have built RF-SETs with charge resolution 
of about a q = 10 _5 e/v / Hz El [HI and even a ten-fold im- 
provement over these numbers has been demonstrated ||20l . 
Typical bandwidths exceed 10 MHz, which is sufficient for the 
needs of this work. An alternative readout is provided by in- 
ductively shunted SETs lF2Tll22ll23l . which may achieve sim- 
ilar charge resolution. A coupling capacitance of Cq = 100 
aF between the electrometer's gate and the intermediate node 
is consistent with maintaining this charge-resolution. If the 
nodes self-capacitance is C n0 d e = 2.5 fF, the effective charge- 
resolution is only reduced by a factor of C no d e / Cq = 25. With 
the parameters stated, the probability of a measurement er- 
ror using 10/is of integration time is less than 10~ 9 . C no d e 
is nonetheless large enough for stable operation of the pumps 
as each electron will produce a voltage of only about 60 nV 
on this node, n has to be kept below ~ 1000, as the three- 
junction R-pump has a stable operation window of 100 fj,W, 
with respect to the voltage across it fl8l . The measurement 
is followed by a pump-sequence of the second pump, empty- 
ing the node into the second reservoir. Subsequently a sec- 



ond measurement establishes the nodes charge state at the end 
of the cycle, which thereafter can be repeated. If during ei- 
ther measurement the charge on the island is found to deviate 
from the value expected due to the design of pump-cycles, 
this deviation is attributed to errors of the pump that was ac- 
tive since the previous measurement. This assumption will 
be correct unless either, the second pump experienced a hold 
error, or if one of the two measurements was wrong. The 
probabilities for each sign being p^°J < (n/£lp + 2r m )A and 

J&* = (1 " er f(^£f - - 5 ))/ 2 ' Errors P roduced b Y 
the active pump are properly recognized and can thus be ac- 
counted for, therefore the unaccounted errors no longer scale 
with T R , Depending on the architecture, it may suffice to 
identify the errors made. Alternatively, feedback mechanisms 
could be provided after error-detection, for example by al- 
tering the number of pump-cycles, to counter a detected er- 
ror. Such feedback mechanisms will be more device specific 
than the scope of the present work and are therefore left out 
here. Three -junction R-pumps have been operated at frequen- 
cies as high as Up — 100 MHz J9[. With the parameters as 
stated and h = 1000 the corrected relative error-rate becomes 
rf orr = 2(pSSf+jCSo»)/n = 9-10- 9 ; accordingly this pro- 
posed circuit reaches the metrologically necessary accuracy. 
A further improvement may be achieved by use of a third 
pump and a second intermediate island. The above method al- 
lows recognition of the number of errors per cycle, which are 
then attributed to the active device. With the additional island 
the signatures of the errors for each of the three pumps differ: 
If an error occurs on the left or right pump, only the charge 
on the corresponding island deviates from expectation, while 
the charges on both islands do in opposite directions when- 
ever an error occurs on the middle pump. As both nodes are 
monitored these errors can therefore be distinguished and ac- 
counted for, though measurement errors remain. Furthermore, 
errors involving two R-pumps may be indistinguishable from 
errors of the remaining one. The probability of any of these 
errors occurring during a complete cycle comprised of three 
pump- and measurement-phases is approximated to the first 
order by p 3 = 6(fi/n P + 2r m )A(2r m A + hT R ) + 6p™ ure , 
and the corrected relative error rate becomes 2r^, rr 3 = p$/h. 
Even devices with performance values of 21"^ = 10~ 4 , A = 
1 Hz, Up = 100 MHz suffice to provide the metrological re- 
quirement, achieving 2T R orr3 = 6 • 10 -9 for h = 53 with 
an effective pump-rate reduced to 16.6 MHz. The operation 
even of three low-quality R-pumps in series is expected to be 
experimentally less challenging than the operation of a sin- 
gle near perfect device; the same is likely regarding fabrica- 
tion yield. In addition, the proposed architecture allows the 
error-rates to be continuously monitored during operation, and 
thereby in-situ minimization of error rates through dynamic 
adjustment of external biases. This is not possible in the con- 
ventional ECCS experiments [24], as single electrons can no 
longer be detected on the pumps final node once is connected 
to the external capacitor. In the conventional ECCS exper- 
iment the electron-pump operation is only optimized while 
the final node is isolated from the external capacitor; then the 
electrometer allows detection of single electrons on this node, 
allowing optimization by shuttling a few electrons back and 
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forth through the pump. Afterwards the pump is connected 
to the capacitor by means of a needle switch contacting onto 
this node. Misaligned needle-switches may damage devices; 
furthermore the mechanical force inherent in the switching 
process may shift the charge offsets on the islands due to the 
piezo-electric effect ESI . In contrast, the proposed architec- 
ture allows the switches removal from the chip containing the 
pump-devices, and thereby further simplification of the exper- 
iment. 

Architectures for continuous error accounting - The circuit 
with two nodes and three pumping devices, allows further im- 
provement. Even a modest relative error-rate of 10 ppm and 
an operation frequency of 100 MHz yields on average only 
1000 errors per pump per second. Such rare errors are read- 
ily resolved, even while all three pumps operate continuously. 
Without pump-errors the charge on the nodes were to remain 
constant, or only be modulated at the pump frequency, while 
perfect and instant measurements of the node charges allow 
for all pump-errors to be detected and properly attributed ac- 
cording to the rules stated above. But due to the finite charge- 
resolution of available electrometers, there is a time tm, dur- 
ing which errors occurring, nearly simultaneously, in two of 
the pumps may be indistinguishable from an error of the third 
device. The chance for each of these six relevant second order 
scenarios to occur within one measurement time is just Pg = 
(flpT R T M ) 2 . With ftp = 1 MHz, T R = 10~ 5 and t m = 15 
/is we recover Pe — 2.25 • 10~ 8 . If the information from the 
measurements is then used to identify the single-pump-errors 
and correct or account for them, the reduced, relative error rate 
becomes of order 2 7 f = 6P e /t m Q p = 6(tt P T R T M )T H 
which computes to 2j R = 9 • 10~ 9 , beating current metro- 
logical requirements. When not three but 2N + 1 pumps are 
used, the dominating error, that is not properly recognized, is 
of order N + 1 so that the leading term in the relative error 
rate scales as 

o^, R (2N +1)! R \ Nj^h m 

Note that the error rate decreases exponentially with the num- 
ber of devices included. As both pump operation and mea- 
surements are continuous, the following more complete ap- 
proach is needed. 

For a circuit of 2N + 1 pumps with independent errors with 
rates 2a = 2T R Up with respect to time the joint probabili- 
ties of rii errors having occurred at pump i obey, with n = 
{n±, n.2..., ri2N+i}, the n-dimensional diffusion-equation 

P n (t) = ~2NaP a (t) + ^ aP A {t). (2) 

\n— rh\ — 1 

The (2A^ + 1) -dimensional set of probabilities, P,i, can be 
rearranged as a vector, P. This allows rewriting of eq. 

as P(t) = TP(t) , defining operator T. This diffusion corre- 
sponds to the errors in conventional electron pumping exper- 
iments, while in our circuit this diffusion is observed by the 
electrometers. The perceived probabilities of the number of 
errors that have occurred will depend on the diffusion of eq. 
Q as well as the result of the measurement outcomes of the 
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FIG. 2: Signal traces of first (black) and second (gray) electrometer. 
Black and red lines indicate ideal measurement results without noise. 
Pump-error rates are 1000/s, per pump and sign, electrometer noise 
10 -5 e/\/Hz, coupling capacitance ratio Cc/Cnode = 0.04, signal 
averaged over 200 ns. 

N — 1 intermediate electrometers, {xi(t), ..,XN-i(t)}- In the 
absence of diffusion and due to the measurements alone Ilfj, 
the perceived probabilities of n errors having occurred divided 
by the probability of uq — {0, 0..0} errors having occurred, 
develop according to 

N-l 

= ( 2 ( ni ~ n i+l) X i ~ ( n i ~ ™i+l) 2 )/A] n ^- ( 3 ) 

i=l 

Here /3j denotes the rms-mean of the noise of the electrometer 
i, normalized by the single-electron signal, which is assumed 
to be gaussian and white. This equation can be rewritten to 

yield n (t) = U(t) H (t). Observe that U is stochastic and in- 
cludes information about the instantaneous electrometer sig- 
nal, which in turn is a function of the instantaneous electrom- 
eter noise as well as the diffusion history. 
In the scenario of interest both processes coexist; from the 
measured traces of the electrometer signals we extract the evo- 
lution of the perceived relative probabilities, n , as 

Tf=(T+U)if. (4) 

Figure Q shows a typical set of signal traces that can be ex- 
pected from the combination of the diffusion dynamics and 
likely electrometer noise. These traces are used to numeri- 
cally integrate eq. Q yielding a perceived diffusion. Figure 
[3] contains a histogram of the result of 12500 generated dif- 
fusions contrasted with the effective error resulting when for 
each trace the perceived diffusion is subtracted from the un- 
derlying diffusion, yielding the error despite correction. The 
latter corresponds as well to a diffusion, albeit with a reduced 
diffusion (or error) rate. Numerical results for these reduced 
error rates are shown for various parameters in fig. [4] in ex- 
cellent agreement with eq. Note that even for a rate of 
200 errors per second a 10000-fold improvement of the error 
rate is achieved with only three pumps and two intermediate 
electrometers, so that even devices exhibiting a relative error- 
rate of 100 ppm can reach the metrologically desirable error 
threshold of 10 ppb due to the proposed architecture. The five 
pump version achieves a similar improvement even at a rate of 
8000 errors per second. For devices with a relative error-rate 
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FIG. 3: Histogram of the errors (circles) and errors after correction 
(stars) of 12500 traces of 30 ms with an error rate of 1000/s, other 
parameters as in fig. |2j. The peak corresponding to proper recogni- 
tion of all errors is suppressed for clarity. 
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FIG. 4: Corrected error rates with respect to time for three (upper 
curve) and five (lower curve) pump circuits as a function of the un- 
corrected error rates. Dashed lines are a fit to eq. {TJl. Other parame- 
ters as in fig. [2] 



of 100 ppm, this would allow pump rates of 2 MHz for three 



devices or 80 MHz for five. If however devices with a relative 
error-rate of 10 ppm were available, only a thousandfold im- 
provement were required; this could be achieved with a five- 
pump architecture and a pump frequency of approximately 1 
GHz. The latter example not only achieves the required ac- 
curacy for a metrological current standard, but achieves this 
with sufficiently large current for applications such as cross- 
checking the relations of the metrological triangle of electrical 
units. 

In summary, we have proposed a family of architectures uti- 
lizing either conventional electron pumps of modest quality 
or one of the single-gate devices that are capable of produc- 
ing quantized current steps with the now common RF-SET or 
a similar device. The algorithm employed in this work de- 
termines the charge transported by such structure to a much 
greater precision than would be feasible by any single of the 
devices used. The relaxation on the requirements for the qual- 
ity of the individual devices used, simplifies experimenta- 
tion, even at higher operation frequency, and increases sam- 
ple yield. It thereby opens the prospects towards paralleliza- 
tion needed to increase the provided current. We note that 
the proposed architecture allows to monitor the error-rates of 
individual pumps on the level of single electrons, similar to 
those stated for electron-pumps in their shuttle mode. This 
has not been possible for the single gate devices lfT3l [T5l [T6l 
in currently employed circuits. Accordingly the architecture 
proposed here allows further research on these devices and 
thereby a determination regarding their suitability for metro- 
logical applications, while easing the required thresholds. 
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